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The equilibrium equations for a corrugated sheet unit cell are derived
using the principle of virtual work following a nonlinear analysis.

The differential quadrature (DQ) method is employed to solve the non-
linear equilibrium equations for various loading and boundary condi-
tions.

In the small-strain regime, the DQ accuracy is ascertained by compar-
ison with both an existing analytical model and a fully nonlinear finite
element simulation. On the other hand, in the large-strain regime, val-
idation is performed against the fully nonlinear finite element model.

Detailed study investigates additional terms arising from nonlinear
analysis in the Euler-Lagrange equations of a thin, singly curved, cor-
rugated sheet.
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Abstract

Corrugation sheets are extensively used as lightweight engineering structures
with a highly anisotropic behavior, as they provide stability under buckling
loads and effective energy absorption capabilities. Thus, understanding their
geometrically nonlinear response is essential in applications involving large
deformations. However, the nonlinear analysis of corrugated sheets is com-
plicated, making it challenging to derive analytical solutions. In the present
study, the nonlinear equilibrium equations are derived using the principle of
virtual work, following the Green-Lagrange strain and linear curvature dis-
placement derivative approximations, for a globally flat, thin, circular corru-
gated sheet. Owing to its simplicity, the differential quadrature (DQ) method
is well known for its high accuracy and ease of implementation for solving
differential equations. Therefore, the nonlinear equilibrium equations of a
circular corrugated sheet are solved incrementally using the DQ method,
adopting nonuniform grid points for various loading and boundary condi-
tions. A convergence study is conducted to determine the optimal number of
grid points required to accurately predict the deformed shape. The accuracy
of the DQ method in the small deformation regime is ascertained by compar-
ing the solutions with the existing analytical result. Moreover, full nonlinear
finite element analyses are performed to verify the DQ results for both small
and large deformation regimes for all the load cases. In addition, a compar-
ison study is performed to investigate the effect of additional terms in the
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equilibrium equations arising from nonlinear analysis, in contrast to those
obtained from linear analysis. Finally, the present model is further extended
to predict the deformation of a complex corrugated profile, demonstrating
its applicability over a broad range of geometries.

Keywords: Corrugated sheet, Nonlinear analysis, Equilibrium equations,
Differential quadrature method, Finite element analysis

1. Introduction

Corrugated structures have been widely used in engineering applications
due to their special characteristics, such as anisotropic behavior, high stiffness-
to-weight ratio, enhanced buckling resistance, and energy absorption capa-
bilities. The engineering application of corrugated structures includes beams
with corrugated web, corrugated tunnels and pipes, marine structures, rocket
fuel storage tanks, oil and gas transmission pipelines, ships, corrugated bulk-
head [11, 2, 3, [4, (5], 6], [7]. Corrugated structures are also well known for their
multifunctional characteristics. Norman et al. [8] introduced an innovative
multistable behavior with a corrugated sheet. The multistability arose from
the interaction between internal prestress and nonlinear geometrical changes
during deformation. These authors further introduced curvature along the
corrugation profile [9]. This allowed the material to undergo significant elas-
tic changes without localized stretching of its surface. These structures hold
potential for morphing applications, providing both structural integrity and
the capacity for substantial shape transformations.

Analyzing corrugated plates typically involves two primary approaches.
The first is a high fidelity analysis, where the full corrugated plates are mod-
eled as fully resolved shell structures. This approach is accurate, but the
analyses are either limited to the linear regime or computationally challeng-
ing due to the inherent nonlinearity. Many researchers have investigated
simplified models to capture the fundamental mechanical behavior of corru-
gated sheets. For instance, Yokozeki et al. [I0] proposed a simple analytical
model to evaluate the initial bending stiffness of corrugated composites in
both the longitudinal and transverse directions. The approach involves us-
ing Castigliano’s theorem to calculate the global deflection or rotation, which
is then used to derive the transverse modulus. The model’s predictions show
good agreement with the experimental results. A closed-form solution based



on the Mindlin—Reissner plate theory was developed by Chang et al. [11]
to describe the linear flexural behavior of corrugated core sandwich plates
for various boundary conditions. Subsequently, Thill et al. [12] performed
a numerical analysis to study the complete three-stage tensile behavior of
trapezoidal corrugated laminates with local elasto—plastic material defini-
tions. Kress and Winkler [13] derived the closed-form solution for a globally
flat thin circular corrugated sheet by solving the equilibrium equations in the
linear regime for various load cases. The results agreed well with the linear
finite element (FE) solution. Thurnherr et al. [I4] proposed a numerical
model consisting of rods and discrete torsional springs to analyze the gov-
erning mechanisms that drive the nonlinear tensile behavior. The model was
validated through comparison with a nonlinear finite element analysis and
further confirmed experimentally using 3D-printed samples.

An alternative approach involves simplified analyses, wherein the corru-
gated plates are idealized as orthotropic plates with equivalent mechanical
properties. Using this method, McFarland [15] investigated the equivalent
flexural rigidity of rectangular corrugated plates. Subsequently, Briassoulis
[16] derived equivalent orthotropic properties for thin sinusoidal corrugated
shells using Castigliano’s second theorem. The resulting stiffness parameters
were then compared with existing expressions [17], and improved formula-
tions were proposed. Dayyani et al. [I8] presented numerical and analytical
methods for modeling composite corrugated cores subjected to tensile and
three-point bending loads. Later, a geometric nonlinear analysis of a trape-
zoidal corrugated sheet was reported by Samanta and Mukhopadhyay [19],
where an equivalent orthotropic model was proposed to account for both
extensional and bending rigidities. Further, the analysis was extended to
compute the free vibration characteristics of the corrugated sheet. Xi et
al. [20] proposed a homogenization-based analytical model for generalized
corrugated shapes based on the simplified geometry of a unit cell and the
stiffness properties of the original sheet. The proposed model was validated
with the existing model and FE analysis for two numerical examples. A
mesh-free Galerkin approach was used by Peng et al. [21] to investigate the
equivalent elastic properties of sinusoidal and trapezoidal corrugated plates.
Later, this approach was adopted by Liew et al. [22] for a geometric non-
linear analysis of stiffened and unstiffened corrugated plates based on the
first-order shear deformation theory. Isogeometric analysis (IGA) for free
and forced vibration of sinusoidally corrugated is proposed by Mohammadi



Hassan et al. [23]. A detailed comparison study is performed to demonstrate
the validity and efficiency of the proposed method. The numerical results
demonstrate that the IGA can provide accurate results due to the capability
of precisely approximating any segments of the corrugation. Further, this
method is extended to study the free vibration of trapezoidally corrugated
nanocomposite laminated panels with the considering of corrugation effect
[24].

Despite their widespread applications, the nonlinear theoretical modeling
of corrugated shells remains a significant challenge [6]. Most analytical mod-
els in the literature are confined to the linear regime [19, 2I]. However, the
complexity arises primarily from the interaction between the geometric non-
linearity and the corrugation geometry, which results in coupled deformation
modes. This nonlinear behavior featuring large displacements and rotations,
makes the classical linear theories inadequate. As a result, the nonlinear anal-
ysis of corrugated sheets is particularly complicated, and obtaining an ex-
act analytical solution is often infeasible. Consequently, developing efficient
numerical approaches becomes essential for capturing the fully nonlinear re-
sponse of such systems. Most commonly, the numerical technique to solve
the nonlinear response of corrugated shells is the FE method [25], 26], 27, 28|
despite its dependency on element type and meshes, along with the disad-
vantage of being time-consuming.

The differential quadrature (DQ) method has proven to be a powerful
and efficient numerical technique for solving nonlinear differential equations,
particularly in problems involving large gradients and complex boundary
conditions [29, B0, BT, B2]. Tts discretizations and programming procedures
are straightforward, making it the tool of choice for many researchers for
a broad range of engineering problems. Its advantage lies in approximat-
ing derivatives at discrete points using weighted linear sums, allowing accu-
rate results with relatively few grid points [33] [34]. The method has proven
to be an efficient numerical technique for solving differential equations in
various structural mechanics problems, including beams, plates, and shells
[35, [36), 37, 138, 39]. It has also been further extended to solve various mechan-
ics problems involving nonlinear differential equations as well [40, 41], [42]. Ng
et al. [43] successfully used the generalized differential quadrature (GDQ)
method to investigate the stability of a conical shell. This method was ex-
tended to the free vibration analysis of truncated conical panels [44] and
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rotating composite laminated conical shells [45]. Additionally, the GDQ
method has been successfully applied to thick composite laminates and 3D
problems with the layer-wise modeling technique [46], 47, [48].

The present study introduces a comprehensive nonlinear formulation for
thin, singly curved corrugated shells by deriving the governing differential
equations using the principle of virtual work with Green—Lagrange strain
and linear curvature kinematics. Unlike previous works limited to linear
or simplified nonlinear models, this study applies the differential quadra-
ture method to solve the fully nonlinear governing equations for corrugated
shells under various loading and boundary conditions. The study further
examines the effect of coupling the linear equilibrium equations with nonlin-
ear stress resultants, demonstrating that this formulation enables accurate
deformation predictions over a wide range of load cases, even in the large
deformation regime. In addition, the analysis of circular corrugated sheets
is also performed using a fully nonlinear finite element model for given load-
ing and boundary conditions. The DQ and FE models are validated with
the existing analytical solution for small deformations. Following validation,
these models are extended to predict the deformation of the corrugated shell
for cases involving large deformations. The study examines three distinct
loading conditions. Two involve applying displacements in the x or £ and y
directions, while the other applies curvatures about the x or £ axis. For each
load case, the DQ method accurately predicts the deformed configuration
even in the large deformation regime. The results highlight the importance
of using Green—Lagrange strain over linear strain formulations for improved
accuracy in nonlinear analyses. Once the validation is ascertained for a sim-
ple geometry, the present model is extended to predict the deformed shape
of a complex corrugation profile in all three load cases discussed above.

The article is divided into nine sections. Section [2| explains the geometry
of the circular corrugated sheet. Section |3| provides an in-depth discussion
of kinematics, equilibrium and constitutive equations of a thin circular cor-
rugated shell. The DQ method employed to solve the nonlinear differential
equations is discussed in Section [4] Section [| discusses the nonlinear FE
model, and the numerical results for various loading conditions and discus-
sions are presented in Section[6] A comparison study between the equilibrium
equations obtained from linear and nonlinear analyses is performed in Sec-
tion[7] The results corresponding to a complex corrugation profile are shown
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in Section [§ Finally, concluding remarks can be found in Section [9]

2. Geometric properties of the corrugated sheet

This section presents the geometry of the circular corrugated sheet un-
der consideration. The local curvilinear coordinate system, &, n, and (, is
defined over a single curved shell corrugation such that the local coordinate
¢ is parallel to the global x axis. As shown in Figure [I| at any point, the
local coordinates n and ( are tangential and normal to the corrugated sheet,
respectively. The figure illustrates a unit cell of radius R, expanded over the
domain 2. A and A are the material corrugation wavelength and corrugation
wavelength mapped onto the shell’s mid-surface. A is the corrugation ampli-
tude and 2¢y is the angle subtended by the corrugation (half unit cell). The
geometric parameters are related by the following equations:

A= R(1—cos¢y), A = 4R sin ¢y, A=4Rgg (1)

Considering a piecewise circular corrugation shape gives the absolute
value of the curvature |k|= 1/R, where R is defined as a positive quan-
tity. However, the curvature s changes sign between the first and second half
of the unit cell. Thus, the curvature and radius are related by an additional

parameter m such that:
m

where m takes the value +1 in the first half and -1 in the second half of the
unit cell. Hence, the coordinated of any points on the corrugated sheet are
given by:

r=¢
y= R[S+ (2—m)sin ¢ (3)
z=-—m[RC — (R — A)]

where,
S =sin (% —(2- m)gb())
C' = cos (% —(2- m)gbo>



Figure 1: Geometry of a circular corrugated unit cell.

As illustrated in Figure [T}, the displacements along the Cartesian coordi-
nate system are defined as u,, u, and ., while in the curvilinear coordinate
system, they are represented as u, v and w. The displacement transformation
between these two coordinate systems can be performed by:

Uy 1 0 0 u
u, | =10 C —mS||v (5)
U, 0 mS C w

3. Governing equations

3.1. Classical plate kinematics

Let U be the displacement vector, where components u, v, and w are func-
tions of &, 71, and ¢ in an orthogonal curvilinear coordinate system (&, 7, ().
Consistent with the assumptions of Classical Plate Lamination Theory (CPLT),
the components of the displacement vector are defined as follows:

0
u(faﬂ? C) - u0(€’ 77) - 8_12)
v(E ) = (€, ) — <§—j (6)



where the subscript 0 denotes the displacements of a point (£,7,0) on the
shell mid-plane.

The total strain € can be decomposed into membrane strain €° and flex-
ural strain ' such that:

e=¢"+ (e (7)

The membrane strain is decomposed into normal strain €%, where i = 1, 2,
and shear strain 7%,. These components are computed using the Green-

Lagrange strain tensor in curvilinear coordinate system, and are given by
[49]:

0 —a_u0_|_l a_uo 2_|_ 8_U0 2_|_ a_wo ’

1T e T \ae ¢ o€

£ —é)—vo—/ﬁwo—i-1 8_u0 2—i- a—vo—mwo 2+ 8—w0—|—/w0 2
2 On 2 on on on

0—8_1)(]+8u0+ 8u08u0+8vo 8_1)0_Hwo _|_8_w0 a_wo_|_,€vo
2= oy T ae oy e o ac \ o
(8)

The bending strain corresponds to the change in curvature of classical
plate undergoing moderate rotation, which is a linear function of the dis-
placement derivatives, and is given by [49]:

L 82w0
€11 = — oe?
o*w® o°
€3 = — o "o (9)
27 T9¢om 2708 2 On

Note that higher order displacement derivatives need to be included in
the curvature when the corrugated sheet undergoes large rotations.

3.2. FEquations of motion for a thin circular corrugated sheet

The equations of motion for a thin circular corrugated sheet following
CPLT are derived using the principle of virtual work. The static version of
the principle of virtual work is [49]:

SII=6U+V)=0 (10)



where U is the strain energy, and V is the external work. Based on a pre-
scribed displacement (Eql6) and strain field (Eq[g)), the virtual strain energy
can be expressed as:

6U:/Q{/g 71y 0y dC € di
-4

= / (Nll (55(1]1 + MH (58%1 + N22 (58[2)2 + M22 5852 + N12 5’}/?2
Q

[SIENTRY

018 (5 + C<h) dC } dedn

[N

+M1255i2)d§d77 (11)

where N and M are stress resultants, and h is the thickness of corrugated
sheet. Assuming p;, p> and g are external distributed loads, then the virtual
external work is written as:

5V:/(p15u0+p25v0+q5w0)d§dn (12)
Q

The Euler-Lagrange equations, or the equations of motion of a thin cir-
cular corrugated sheet, derived from the principle of virtual work, depend
upon the choice of strain and curvature assumed above. In the present study,
the equilibrium equations are derived using the Green-Lagrange strain and
the assumption of a linear curvature displacement derivatives relationship.
The equations are derived by substituting equations |11 and [12|into equation
[10} followed by an integration by parts to relieve the virtual displacements
(6u®, 60°, 6w®) in Q. The Euler-Lagrange equations are obtained by setting
the coefficients of Ju°, §v°, and dw" in Q to zero separately:

( 8]\711 8N12 /‘iaMlg

Su’: o o T2 an + N 0% w®) +p =0
s’ (3({]9\22 aé\;m — 37%62/?2 — ﬁ@g/;/;z + O, v, w®) +pa =0 (13)
\(5w0: azg‘g“ + 28822\;;72 + 62%22 + kNgs 4+ P, 0, w’) + ¢ =0
where,
e () (4 )



= (557 (3 -w]) o 5
o (e )
= (558 e (B8 car)) B (5
o ) o (9 )

The additional terms A/, O, and P arise from the nonlinear strain assumption
and have been thoroughly examined in Section [7] for various loading condi-
tions. From Section [7] it is evident that solving the equilibrium equations
derived from the linear strain analysis and computing the stress resultants us-
ing the nonlinear Green-Lagrange strain is sufficient to predict the deformed
shape of the corrugated sheet across all load cases, even at sufficiently large
applied strain and curvatures. Consequently, these terms are omitted in the
rest of the paper (except Section [7)) to reduce the computational expense for
all load cases.

3.3. Constitutive equation
For a thin laminated shell, the constitutive equations are given by [50]:

N A B||e°
i) =12 2] |2 w
with,
el e
e’ =14¢d 5, and el =4 ek, (16)
Mo £l

where the strain and curvature have been defined in equations [§ and [0 re-
spectively. A, B, and D are the in-plane, coupling, and bending matrices of
the laminate, and are written as:

[Ai;, Bij, Dij] = /h/QQ”[zzdz—Z/ Q¥ (1,222 dz (17)

—h/2

where fo) represents the in-plane material stiffness constant of an individ-
ual ply at location z through the thickness of the laminate, transformed to
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the laminate’s coordinate system [50], n is the number of lamina, and h
is the thickness of the laminate. Thus, the equilibrium equations (Eq.
can be written in terms of material constants and kinematic variables using

constitutive and kinematics relations (see |[Appendix Al).

4. Differential quadrature method and solution procedures

The differential quadrature method is employed to solve the nonlinear
differential equations with appropriate boundary conditions for various load
cases [51]. However, since the method only computes the independent vari-
ables at the grid points, difficulties arise while applying multiple boundary
conditions involving higher-order terms. To overcome this, various meth-
ods are available in the literature. The most commonly used method is the
d Approach |30, 52|, in which the grid points immediately adjacent to the
boundaries are placed in close vicinity to the boundary grid points to de-
fine additional boundary conditions. The closeness between the neighboring
points is often chosen to be of the order § ~ 107 (distance between grid
points normalized by the grid width) [34]. Another commonly used method
is the so-called Built-in method [52, 53], in which additional boundary condi-
tions are satisfied while calculating the higher order weighting coefficient ma-
trices [33]. However, the Built-in method cannot be used for all the boundary
conditions in a two-dimensional problem. Considering the complex bound-
ary conditions of a circular corrugated sheet, the § Approach is chosen in
the present study, as it is easy to implement. Figure [2| outlines the stepwise
implementation of the differential quadrature method for the analysis of a
corrugated unit cell for all load cases.

A brief description of the DQ method is discussed next. The essence of the
DQ method lies in approximating a function’s derivative as a weighted sum of
its values across all grid points. Considering a one-dimensional continuously
differentiable function f(§), the derivative at any grid point can be expressed
as [54], [55]:

df(&) -
[d—g]gzgz ;A F(&), i=1,2,...N (18)

where N is the number of grid points and Ag) is the weighting coefficients
of the first order derivative with respect to £. Similarly, the higher-order
derivatives can be expressed as a linear function of the weight coefficient
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Figure 2: Flowchart of proposed methodology for the analysis of the corrugated sheet.

matrix and the function value at grid points. The weighting coefficients can
be computed explicitly as [56]:

40— (&) L 4 _ 1
1) (51 _ gj)wgv(gj) (Z 7é .])a 1 jgl;j 52 _ fj (19>

where w(§) is the Lagrange interpolation function defined as:

wn(§) = (6= &) — &) (§=&)oo(§ = Env—1)(€ — En),
wy(&) = (E=&)(E = &) (€ —&nv-1)(& — &)

The weight coefficient for higher order matrices can be computed by ex-
plicit formula [56] or using the recursive formulae below:

N

(20)

N N N
© _ €) (& © _ (&) 4(6) € _ ©) R
B’ = E Am Akj? Cij = E Bm Akj? D;;" = § Bm Bk:j (21)
k=1 k=1 k=1

(i,j=1,2,...N)

where B, C© and Dg) are the weighting coefficients of the second, third

ij 0 i
and fourth-order derivatives with respect to £, respectively. In general, com-
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puting the higher-order weighting coefficients explicitly is more accurate and
computationally inexpensive than using the recursive formulae, but for a
small number of grids, the matrix multiplication approach leads to less com-
putational time and accurate weighting coefficients since the matrix is of a
small size [33]. Thus, the recursive formulae are used in the present study as
they are convenient to program and stable.

The accuracy of the D(Q solution is highly sensitive to the distribution
of grid points. For certain classes of problems, a reliable and convergent so-
lution can only be obtained with nonuniformly distributed points [57]. The
most popular nonuniform grids are the Chebyshev-Gauss-Lobatto grid dis-
tribution, the Gaussian quadrature point distribution and the Gauss-Lobatto
~Legendre grid point distribution [5§].

In the present study, the translation of corrugated sheets is a two-dimensional
continuous differential function. Based on the D(Q method, the displacements
can be discretized by the following equation:

{’U,O,Uo,’w = ZZWN {uma z]? (22>

=1 j=1

where N is the number of grid points in both ¢ and 7 direction. A Cheby-
shev—Gauss—Lobatto grid distribution with adjacent ¢ points is used in the
present study for better convergence [34, 58]. Thus, the grid point coordi-
nates in direction ¢ and 7 are defined as:

& =0, &=0L, &t&vai=01-90L, Ev=1L

& = (1—cos|(i —1)m/(N = 3)]) L, (1=3,4,..,N —2)

m=0, m=0\ nnv1=(1=90)A ny=2A

n; = (1 —cos[(j — )7 /(N —3)]) A (j=3,4,..,N—2)
where L is the length of the unit cell along the & direction and A is the
material corrugation wavelength of the periodic unit cell.

Solving equations [I3] on the grid points shown in Figure [3] gives a set of
nonlinear equations in the form:

(KU} + [FU){U} =P (24)

where the size of both matrix of linear terms [K] and matrix of nonlinear
terms [F(U)] is 3(N —2)? x 3(N —2)?, U is the vector of unknown displace-
ments at the grid points, and P is the load vector.

(23)
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Figure 3: A generalized grid points to solve the governing differential equations

For an N x N grid, there are a total of 3N? unknowns. Therefore, 3N?2
independent equations are required to solve for these unknowns. The sys-
tem of differential equations must be satisfied at the interior grid points,
yielding 3(N — 2)? equations. The remaining equations are derived from
the Dirichlet and Neumann boundary conditions. However, adopting the
0 method to satisfy the Neumann boundary conditions slightly altered the
number of equations obtained. Nonetheless, the total number of equations
and unknowns remains the same.

The Newton-Raphson technique is implemented to solve the set of non-
linear equations (Eq. . The prescribed tolerance is set to 1072 —1078. On
completion of the Newton-Raphson step, the stability of the solution is ascer-
tained by ensuring that the Jacobian is positive definite. During numerical
simulations, it has been observed that initializing the analysis with random
guesses often leads to divergence or requires a larger number of iterations for
convergence. To achieve faster convergence, the linear part of equation
([K]{U} = P) is solved first, and the solution serves as the initial guess for
solving the entire set of nonlinear equations.

5. Finite element model

Nonlinear finite element analyses are carried out using the commercially
available software ABAQUS [59], and the results are used to validate the DQ
solution alongside existing analytical results. S8R5 shell elements (8-node
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doubly curved thin shell, reduced integration, five degrees of freedom per
node) are used to carry out the FE analyses of the thin corrugated sheet for all
loading conditions. The mesh type is chosen from a detailed study conducted
for all the load cases. For load case 1 (subsection [6.2)), the S4R element
type (4-node quadrilateral shell element with reduced integration) tends to
predict a stiffer solution compared to the analytical solution [13]. However,
for the remaining load cases, it provides sufficiently accurate predictions.
To ensure consistency across all analyses, the S8R5 element type has been
chosen for all load cases. The analyses are performed using the general static
option in ABAQUS. A typical mesh size of 35 elements along the curvilinear
coordinate n direction is chosen based on a mesh convergence study, ensuring
computational efficiency and accuracy. Figure [4] shows a unit cell over the
domain €2 with boundaries €; and 23 along the ¢ direction while {25 and €24
are along the n direction. The prescribed displacement boundary conditions
are applied for each load case except for case 3 (subsection . In load case
3, a pure bending about the ¢ direction is applied, with constant curvature.
In the FE model, this is simulated by applying an equivalent bending moment
on the relevant boundaries, as obtained from equation [15]

Q: n=0
Q,: &=L
Qs n=21
Qe €=0

Figure 4: Circular corrugated unit cell simulated in the FE model.

6. Results

This section presents the validation of the DQ model by comparing the
solution with existing analytical solution and FE simulation result, for each
load cases. As a reminder, Figure (1] illustrates the geometry of the circular
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corrugated unit cell. Although the full DQ model includes all the stiffness
terms needed to describe the orthotropic laminates, the analyses presented
use steel (isotropic) with Young’s Modulus £ = 210,000 MPa and Poisson’s
ratio v = 0.3 of thickness h = 1 mm. Without loss of generality, the two
independent parameters describing the corrugated sheet are chosen to be
R =25 mm and ¢g = 90°. The additional geometric parameters are A = 25
mm and A = 100 mm, computed using equation [I The dimension along
the & direction, only relevant in the FE model and Load case 1, is set to
1000 mm. A more complex profile is then considered in Section [§, where its
associated geometric properties are also described.

6.1. Grid convergence study

As pointed out earlier, the DQ solution is sensitive to the number of
grid points. Therefore, a systematic convergence study is essential to iden-
tify the minimum number of grid points required to predict the sheet’s de-
formed shape accurately. As an illustration, a convergence study with Cheby-
shev—Gauss—Lobatto grid points is performed to simulate the deformed shape
for load case 2 (subsection . Increasing the number of grid points from
13 to 19 yields a DQ solution that closely aligns with the analytical result,
as illustrated in Figure [f] Notably, the number of grid points also includes
two additional 0 points defined near boundaries to enforce the Neumann
boundary conditions.

30

20 a

10 a
=
C l
N

—10% 013 4= 15[
-+- 17 19
—20 -4 Analytical H
—— Undeformed
730 | | |
0 20 40 60 80 100 120

y (mm)

Figure 5: Cross-sectional view of the deformed unit cell with varying grid point numbers.
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As can be seen, 15 grid points are sufficient to predict the deformed shape
accurately. However, for a smoother shape, one may choose 19 grid points.
It should be noted that, in all figures, the analytical results correspond to
the solution provided by Kress and Winkler [13].

6.2. Load case 1

In this load case, a uniform engineering strain €, is applied to the unit cell
along boundary €24, while the displacement of boundary €25 is restrained in
the £ direction. In addition, the 2; and {23 boundaries are pinned to prevent
any deformation in the y and z directions. The displacement u° is a function
of the applied engineering strain ¢, and does not vary in the 7 direction.
Because of Poisson’s ratio of the corrugated sheet, v and w® depend on 7.
Moreover, the displacements v° and w° remain constant along the & direction.
Consequently, the derivative of displacement u° in the n direction, and the
derivative of displacement v° and w" in the & direction, vanish from the
governing differential equations (Eq.. However, for verification purpose
whole governing differential equations (Eq has been considered. The
boundary conditions described above, along with the moment-free conditions
on )y and 3 for load case 1, are given as follows:

Q
W = 0, w’ = 0, Nip =0, Moo =0
Q-
u? =0, 01 =0, Nis =0 (25)
Qs :
0 =0, w’ =0, Ny =0, Moy =0
Qy

u’ = €L, 1 =0, Nis =0

where, Nis, My are stress resultants. ¢ is rotation along £ axis and defined
as:

ouw’

= 26

¥1 ¢ (26)

In the DQ analysis, the domain 2 is discretized into N x N nonuniform
grid points given in equation [23] Each grid point is associated with three
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equations; hence, a § point in 7 direction needs to be defined to satisfy
the additional boundary condition. In contrast, boundaries €25 and €2, are
associated with only three boundary conditions; therefore, no ¢ grid point
is needed in the ¢ direction. The displacement components, u°, v°, and w°,
at each grid points are obtained by solving the governing equations (Eq
and boundary conditions (Eq, and are then transformed to obtain the
displacements u,, u, and u,, using the transformation rule (Eq. These
equation are implemented in the commercially available software Python
and solved numerically using the Newton-Raphson method. Figure [6] and [7]
illustrates the deformed configuration of the corrugated sheet under an axial
engineering strains of ¢, = 0.2 and 0.5 respectively, predicted by the DQ),
FE and existing analytical models. The DQ result is obtained with N = 19
grids for a unit cell. For small engineering strain (e, = 0.2), the DQ result
shows excellent agreement with both the analytical [13] and the FE results,
as shown in Figure[6] It should be noted that Kress and Winkler [13] derived
the analytical solution by solving the linear part of the differential equation

(Eq[A.3) for given boundary conditions (Eq[25).
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Figure 6: Deformed configuration of a unit cell at engineering strain e, = 0.2.

The good agreement among the three models confirms the accuracy and
derivation involved in the DQ analysis for predicting the deformation re-
sponse under small strains. It should be noted that only a positive value of
€, is considered due to the possibility of buckling under compression, which
has not been considered in the present study. For a moderate strain case
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(e, = 0.5), depicted in Figure |7} a noticeable discrepancy is observed be-
tween the analytical solution and those predicted by the DQ and FE models.
This discrepancy arises from the inherent limitations of the analytical model,
which is derived from the underlying assumption of linear strain and is thus
valid only for small deformations. In contrast, the D(Q model incorporates
the Green-Lagrange strain measure to capture large displacements, enabling
it to accurately capture the large deformation behavior. The strong agree-
ment between the DQ and FE results in this regime further validates the
robustness of the developed DQ model in solving the nonlinear governing
differential equations, even in the moderate strain regime.
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Figure 7: Deformed configuration of a unit cell at engineering strain e, = 0.5.

Following the validation, both at small and moderate strain, the ap-
plied engineering strain (e,) is further increased until Poisson’s effect causes
the corrugated sheet to nearly flatten. Figure [§ and [9] demonstrate the
deformed shape of the corrugated sheet under higher applied engineering
strains, ¢, = 0.7 and 0.725, respectively. For better comparison, the de-
formed configuration is shown together with the corresponding cross-sectional
profiles obtained by the DQ and FE methods in both figures. The D(Q pre-
dictions closely follow the FE results, demonstrating the accuracy of the DQ
model even in the highly nonlinear strain regime. However, the assumption
of moderate rotations begins to deviate near ¢, = 0.725, where an apprecia-
ble difference in predicted deformed shape is observed between the DQ and
FE results. In a further investigation, the fully nonlinear equilibrium equa-
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tions (Eq[L3)) are solved (see Section [7]), which confirmed that the observed
discrepancy arises from the assumption of linearity of the curvature with
respect to the displacement derivatives. It is worth noting that such effects
become significant only under extreme strain conditions. For applications re-
quiring accurate modeling of large rotations, nonlinear shell theories such as
those of Fliigge-Lur’e-Byrne or Novozhilov [60, [61] may be employed. How-
ever, these approaches come at the expense of considerable complexity and
computational cost, whereas the present DQ formulation offers an efficient
and sufficiently accurate tool across the practically relevant strain regime. It
is also important to note that these higher strain values are considered for
the demonstration of the formulation to accurately capture deformation in
the large strain regime. However, achieving such strain levels may not be
practically feasible.
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Figure 8: Deformed configuration of the unit cell and associated cross-section at engi-
neering strain e, = 0.7

In addition to the deformed shape, the true strain components £}, and
), obtained from the DQ (using Eq. and those predicted by the FE
method are compared as a function of the axial displacement u, in Figure
The axial strain €Y, increases monotonically and exhibits an excellent
match between the two models over the entire displacement range. In con-
trast, the transverse strain €9, becomes increasingly negative with growing
axial displacement, reflecting lateral contraction due to Poisson’s effect. The
close agreement further confirms the robustness and reliability of the DQ
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formulation in predicting nonlinear strain behavior under large deformation.
It should be noted that load case 1 produces the maximum strain, while
the other load cases result in only minor strain levels, therefore, the strain
comparison is conducted exclusively for load case 1.
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Figure 9: Deformed configuration of the unit cell and associated cross-section at engi-
neering strain e, = 0.725.
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Figure 10: Comparison of true strain prediction using the DQ and FE methods.
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6.3. Load case 2

In load case 2, a prescribed displacement u,, = ¢, A is applied on boundary
3 along the y direction, causing the average strain €, (normalized by the
corrugation wavelength), where €, can take both positive and negative values.
The boundary €2; of the unit cell is pinned to prevent displacements in y and
z directions. The displacement components v° and w° do not vary along the
¢ direction; consequently, all the derivatives along the ¢ direction are zero.
For the given loading and boundary conditions, the displacement u° in the &
direction remains insignificant unless the material undergoes stretching along
the y direction, which is deliberately excluded from the scope of the present
study. Hence, the governing differential equation for load case 2 simplifies

to:
A _321,0 —ffa—wo+ a—vo—mwo —8%0 —ma—wo + 8_wo+m)0
21 on? on on on? on on

9*uw® o’ 3w’ 00
+K—— ||+ KD e +/£8n2 =0

o 1 /o0 > 1 (0w 2
I{AQQ [a—n—fiw0+§<a—n—liwo) +§<8—n+lil)o> ]—

(27)

The applied displacement, transformed in the local coordinate system, the
moment-free boundary conditions at €2; and €23, and the pinned boundary
conditions of €2; are written as:

v’(n=0) =0, v’(n=4Rgo) = €, A cos ¢y
w’(n =0) =0, w’(n =4R¢g) = €, A sin ¢y (28)
e3(n=10) =0, e3(n=4R¢o) =0

The above equations (Eq. are only function of n with v and w° as vari-
ables. Figure [I1] depicts the 2D domain in the 7 direction over which the
differential equations (Eq are solved. The domain is discretized in N
nonuniform grid points, including two d points near the boundary. Each grid
points are associated with two equations; hence, the ¢ grid points satisfy the
first differential equation together with a curvature boundary condition.
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Figure 11: Grid points used to solve the governing differential equations for load case 2

The governing differential equations in the D method take the following

form:
N N N N
>t oAt (3 -t (Yo
k=1 k=1 k=1 k=1
N
o o) + (S aet + o) (z Bt +
k=1 k=1
N N
) ZAM)] D | SO+, S BE| = 0
k=1 k=1 k=1
for (j=23,...,N=2,N—1)
al 1
K Ago Z ik vk — ﬁ]w + = (Z A]k vy — Kjw ) > <Z Aﬂ)wo
k=1
2 N
+ KU J) ] Dy [ZDjkwk—i_H]ZCjkvk =
for (j=3,4,....N—-3,N—-2) (29)

It is important to note that ; in the above equation is positive and negative
for the first and second half of the unit cell, respectively. The corresponding
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boundary conditions at grid points are expressed as:

W =0, v = €, \ cos ¢y
w) =0, wh = €, A sin ¢

N
wy + Ko Z A0 — 0,
k=1

N
> sl
k=1

N
Z BJ(\?—M@U% + AN-1
=1

(30)

N
Z Ag\?)—lkvl(c) =0

k=1

Figure[12|depicts the deformed cross-section under various in-plane strain
levels €, predicted by different models. A total of 19 grid points are employed

in the DQ analysis to obtain a smooth deformed curve.

results show an excellent agreement with the other

The DQ model
two models for small

tensile and compressive strains (e, = £0.1). As the strain level increases to

30 30
15 § 15 1 i
El g
g  of : E 0 :
N N
——DQ _15 —-—DQ
—15 " FE - 15 e FE
-4 - Analytical -a.- Analytical
—— Undeformed —— Undeformed
730 | | | | 1 | 730 | | | | | |
0 20 40 60 80 100 120 0 25 50 75 100 125 150
y (mm) y (mm)
(a) ey = 0.1 (b) ey =0.4
30 T T 35 '
. A= ‘A’
157 | 175} |
= =
! 12 |
w ™
T ——DQ | ——DQ
15 s FE 175 o FE
-4- Analytical - 4= Analytical
—— Undeformed Nompri! —— Undeformed
-30 | I I —35 I I I I T T
0 20 40 60 80 100 0 20 40 60 80 100
y (mm) y (mm)
(c) ¢y = —0.1 (d) ¢y =—04
Figure 12: Deformed unit cell cross-sections from different models for load case 2.
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€, = £0.4, the deformation becomes notably pronounced, and the influence
of geometric nonlinearity is significant. As shown in Figure[12) (b) and [12[d),
the nonlinear effects are more prominent under tensile loading than under
compressive loading at the same strain level. Despite these nonlinearities, a
close correlation is observed between the DQ and FE results, even at higher
tensile and compressive strains, thereby ensuring the robustness of the DQ
approach in predicting the deformed shape of the corrugated unit cell for
load case 2.

Upon validation, the applied strain is further increased, and the deformed
cross-section shape is plotted for selected strain levels in both compression
and tension. Under tensile loading, the applied strain is increased until the
corrugation flattens. Once the corrugation flattened, further increasing the
strain violates the assumption of insignificance of u° due to Poisson’s effect.
As a result, the governing equations and boundary conditions for load case 2
must be modified accordingly. Figure [13| depicts the deformed cross-section
corresponding to €, = 0.5 and 0.57. The corrugated sheet becomes almost
flat upon applying a displacement equivalent to 0.57 times the corrugation
wavelength A along the boundary €23 in the y direction. The results obtained
from the DQ model with the Green-Lagrange strain formulation match well
with those obtained from the FE simulation.
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Figure 13: Deformed cross-section of a unit cell at different €, values in tension.

Similarly, in compression, the deformed cross-sections are shown in Figure
[14] In all instances, the deformation patterns are consistent with FE results,
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until a critical level of compression is achieved. As the strain increases from
€, = —0.75 to —1, the corrugated unit cell exhibits significantly larger rota-
tions, causing the curvature displacement derivative relationship to be highly
nonlinear. Hence, there is a noticeable discrepancy between the DQ result
and the FE simulation. However, the DQ model still provides a reasonably
accurate representation, offering a good approximation of the overall defor-
mation pattern even under high compression. This ensures the capability of
the DQ method to efficiently and accurately model highly deformable peri-
odic structures, especially when computational cost is a concern.

30 30 -
15 3 15 3
g g
2 o 12 o |
2 [ R R B
—DQ,¢,—0.5
—15| - FE H —15F s
——DQ,€,=-0.75
-o-FE A A
—— Undeformed —— Undeformed
—30 heS e m— — —~30 ! | | | T T
—-20 0 20 40 60 80 100 —20 0 20 40 60 80 100
y (mm) y (mm)
(a) ¢y = —0.5and —0.75 (b) ¢y =—1

Figure 14: Deformed cross-section of a unit cell at different €, values in compression.

6.4. Load case 3

In this case, the corrugated sheet is subjected to pure bending about the x
or £ axis with a constant curvature applied on both ends. All other membrane
loads are zero. A fixed boundary condition at the center is used, such that the
corrugated sheet undergoes symmetric deformation. The assumption that the
displacement components v° and w® do not vary along the ¢ direction is still
valid. Consequently, the governing differential equations and DQ equations
for load case 3 are the same as for load case 2 (Eq and Eq respectively),
and the associated boundary conditions, including vanishing strain ) = 0
and constant curvature, are given by:
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v’'(n=2R¢p) =0, w’'(n=2R¢pp) =0
e1(n =0) = —¢,, e1(n=4Rdo) = ¢, (31)
8%,2 = O? 52 - 0
p2(n =2R¢o) =0
where, 5 is rotation along the n axis and defined as
0
2= = = ¥ (32)

An odd number of grid points is chosen to apply a fixed boundary con-
dition at the center of the unit cell. It should be noted that a ¢ point is
required near the center to restrained the rotation, and it may be applied on
either side of center. The vanishing strain and constant curvature boundary
conditions can be applied at any grid point. However, they are enforced at
the end grid points for convenience. The above boundary conditions in the
DQ formulation are given as:

0 _ 0 _
Uy =0 Wiyyn =0

N N N
ZB(")wk+/ilelk vk:el ZB](\;]])CQUQ—FHNZAE\?;CU%: —611/

k= k=1 k=1 k=1

1
N
sz) wy + Ky Z Biz)v,g =0, Z ANkvk — Kyw+
=1

N 2
k=1

2

k=1

MZ N =

A{ Ny 1kw2+ﬁ{%}flvgg}_1:0 (33)

>
Il

1

where {} represent the integer division.

Figure [I7] illustrates the deformed cross-section under various constant
curvature e;, obtained using the DQ method with 19 grid points, FE sim-
ulations, and the analytical model proposed by Kress and Winkler [13].

1

Each subplot corresponds to a different applied curvature: €, = =£0.005
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and e; = 40.01. Under negative curvature, the corrugation bends inward
toward the center of the unit cell. In contrast, positive curvature leads to
a corresponding increase in the corrugation amplitude, resulting in a more
pronounced corrugated profile. The undeformed configuration is also plotted

for the reference.
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Figure 15: Deformed unit cell cross-sections from different models for load case 3.

The DQ results exhibit excellent agreement with both the FE simulations
and the analytical solution for ) = £0.005 (Figure|15|(a) and (c)), capturing
the deformation in both positive and negative applied curvature regimes. As
the applied curvature increases, the deformation of the unit cell becomes
more pronounced, resulting in a noticeable inconsistency between the DQ
and FE solutions and the existing analytical model. As shown in Figure
(b), this discrepancy is significant for negative applied curvature, particularly
for ezll = —0.01 and higher. In contrast, the deviation remains minimal under
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positive applied curvature, with only a slight difference noted near the edges
for €} = 0.01 as shown in Figure [15( (d).

Figure [16| depicts the deformed cross-sections for higher levels of applied
curvature, only comparing the DQ method and FE simulations. The de-
formation becomes increasingly nonlinear as the magnitude of curvature in-
creases in both positive and negative directions. Hence, the existing analyti-
cal solution is not plotted here. In the negative applied curvature case (Figure
(a)), the corrugation progressively flattens and folds inward, leading to
an increasing discrepancy between the DQ and FE results. The deviation
becomes more pronounced at e; = —0.02, where the DQ method slightly un-
derpredicts the deformation. However, the corrugation amplitude increases
significantly under negative curvature (Figure [16| (b)), and even in this case,
the DQ model slightly underpredicts the deformation even for e; = 0.0175,
particularly near the edges. Despite these deviations, the correlation between
models remains reasonable, demonstrating the D(Q method’s capability to
capture large deformations, albeit with some limitations at higher curvature
levels due to the linear relation between curvature displacement derivatives
assumed in the present study.
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Figure 16: Deformed cross-section of a unit cell at different applied curvature e
7. Linear and nonlinear equilibrium equations

A noticeable discrepancy is observed between the DQ and FE results
in all load cases beyond a critical deformation. As mentioned earlier, the
equilibrium equations for plates and shells, derived using the principle of
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virtual work, depend upon the strain theory assumed to compute the strain
energy. Hence, the observed disagreement may stem from the use of equi-
librium equations derived from a linear analysis, despite the computation
of stress resultants using a nonlinear stress-strain relationship. Therefore, a
detailed study is conducted here to assess the impact of additional nonlin-
ear terms (Eq. in the equilibrium equations. The equations, expressed
in terms of stress resultants, are examined under three scenarios using the
linear and nonlinear formulations. These scenarios include: (i) both the equi-
librium equations and stress resultants are computed using the linear strain
assumption; (ii) the equilibrium equations are derived using the linear strain
theory, while the stress resultants are computed using the nonlinear stress-
strain relation; and (iii) both the equilibrium equations and stress resultants
are formulated using the nonlinear analysis. Scenario (i) is equivalent to
the analytical solution obtained by Kress and Winkler [13], which is also
included for comparison. Importantly, the linear relation between curvature
and displacement derivatives (Eq@ is used in all three scenarios.

The prescribed loading and boundary conditions for all load cases dis-
cussed above cause the displacements v” and w° to remain constant along
the ¢ direction, thus the equilibrium equations reduce to:

0Ny OMys

0. _ 0,0 _
dv: n K an + O, w") +py=0

82M22 (34>
511)01 8—772 + HNQQ + P(Uo,wo) +q = 0

0 0
OW°, w’) = % <N22 {aa% — /ﬁwo}) + kN9 {88% + f-wo}

0 0
P(°, w’) = % <N22 {86% + /ﬂ)o}) + kN9 {%% - ’fwo} (35)

O and P are only functions of v* and w® except for load case 1, where they
also depend on the applied engineering strain €,. It is worth noting that the
only reduced equations are solved even for load case 1.

Figure[I7]illustrate the results obtained for all three scenarios for load case
1 at an applied engineering strain of €, = 0.725. Only the deformed cross-
section is shown for better comparison. As expected, the DQ solution for
scenario (i) aligns well with the existing analytical model. The DQ solution
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for scenario (iii), where the complete nonlinear equilibrium equation has been
solved, does not significantly improve the result from scenario (ii), where
the O(v°,w®) and P(v°, w’) terms are omitted while solving the nonlinear
equilibrium equations. Evidently, the discrepancy between the DQ and FE
results persists even when the full equations are used, ascertained that the
mismatch arises solely from the assumption of linear curvature displacement
derivatives.
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Figure 17: Deformed cross-section of unit cell under load case 1 for various scenarios at
€; = 0.725.

In addition, analyses are also carried out for load cases 2 and 3, and the
results are shown in Figures [I8 and [I9] respectively. Notably, a convergence
issue is observed while solving the resulting nonlinear equations with the DQ
method using the Newton-Raphson technique for scenario (iii). Therefore,
the results are presented for the maximum feasible converged strain levels:
€, = 0.56 in tension and €, = —0.97 in compression. As can be seen, the DQ
solution for scenario (i) aligns well with the existing analytical solution, while
the solutions for scenarios (ii) and (iii) exhibit minimal differences in both
tension and compression. A similar trend is observed for load case 3 (Figure
19) under both positive and negative curvature. The deformed cross-sections
predicted by the DQ method for scenario (i) closely follow the existing an-
alytical solution. Scenario (iii), which includes additional nonlinear terms,
shows only minor differences, indicating the limited influence of these terms
and remaining discrepancies with the FE results. These results further en-
sure that this discrepancy at moderately large rotation arises solely from the
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assumption of a linear kinematic relation for curvature.
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Figure 18: Deformed cross-section of unit cell under load case 2 for various scenarios.
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Figure 19: Deformed cross-section of unit cell under load case 3 for various scenarios.

8. Extension to complex corrugated configurations

A complex corrugation profile is considered as an example to demonstrate
the validity of the DQ model over a wide range of geometries. Figure[20]shows
the cross-section of the corrugated profile with ¢y = 150°. To maintain the
same wavelength as the previous geometry, the radius is chosen as 50 mm.
The analysis is carried out for all three load cases discussed earlier, and
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the deformed shapes are presented here. It is worth noting that a higher
number of grid points is required to accurately capture the deformed shape.
Therefore, a total 29 grid points are chosen across the n direction, including
0 points at boundaries, to obtain a smooth deformed shape.

Figure 20: Cross-section profile of a corrugated unit cell.

The deformed configuration for load case 1 is illustrated in Figure [21] at
engineering strain ¢, = 1. As can be seen, the DQ result starts deviating
from the FE prediction at ¢, = 1 especially near the crest and the trough.
These engineering strain levels are typically unrealistic for most materials.
They are employed here solely to highlight the robustness of the DQ model.
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Figure 21: Deformed cross-section of unit cell for load case 1 at €, = 1.
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For all load cases, the DQ analysis is performed until a significant differ-
ence between the FE and DQ results is observed, except for the compression
in load case 2, where the DQ analysis is restricted to ¢, = —1. Notably, ¢,
in the load case 2 is defined as strain with respect to the corrugation wave-
length. Similar to the previous geometry, the true strain components &%,
and €9, predicted from the DQ and FE models are compared in Figure .
The DQ model closely follows the FE result, even for the complicated cor-
rugated geometry, showing excellent agreement between the two numerical
approaches.
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Figure 22: Comparison of true strain prediction using the DQ and FE methods..

Figure [23] shows the corresponding deformed configurations for load case
2 at tensile and compressive strains of €, = 3.47 and —1, respectively. Similar
to load case 1, the discrepancies between the DQ and FE models in load case
2 are also noticeable near crest and trough regions. In compression, good
agreement between these models is observed at ¢, = —1. Similar analyses
are performed for load case 3, where the deformed shapes at e; = £0.0035 are
shown in Figure[24] Unlike other load cases, the discrepancy between the DQ
and FE prediction results is more pronounced near both edges. Nevertheless,
the DQ model demonstrates good agreement with the FE results over a wide
range of deformations, even for the more complex corrugation profile. It is
also evident that such complicated geometric configurations require a larger
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number of grid points to accurately capture the deformation, which in turn
increases the computational cost of the method.
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Figure 23: Deformed cross-section of unit cell for load case 3 for various scenarios.
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Figure 24: Deformed cross-section of unit cell under load case 3 for various scenarios.

9. Concluding remarks

This study presented a nonlinear formulation for the analysis of a thin
circular corrugated sheet adopting the D method under various loading and
boundary conditions. Three load cases are considered: two involved applied
displacements along the x and y directions, respectively, while the third in-
volves the application of a uniform curvature about the x or ¢ axis. The
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Euler-Lagrange equations are derived using the principle of virtual work and
depends on the choice of strain and curvature. In the present study, nonlinear
equilibrium equations are derived based on the Green-Lagrange strain and
linearized curvature expression. The solutions obtained from the nonlinear
analysis are compared with those from the linear analysis for two distinct
scenarios. In the first instance, stress resultants are evaluated using the lin-
ear stress-strain relationship, and in the second scenario, they are computed
using the nonlinear stress-strain formulation. These three scenarios are then
investigated to evaluate the importance of the nonlinear terms in both equi-
librium and kinematic equations for all load cases. The results demonstrated
that the combination of equilibrium equations obtained from the linear anal-
ysis with stress resultant computed using the nonlinear kinematic relations is
sufficient to accurately predict the deformed shape of a corrugated sheet, even
in a significantly large deformation regime. For the simulations, an isotropic
material is considered as a case study, reducing computational complexity.
The governing equations are then formulated in terms of kinematic variables
and material constants using the kinematic and constitutive relationships.
The DQ results in the linear regime matched the existing analytical solu-
tion. The results demonstrated that while linear assumptions may suffice
under small deformations, including nonlinear kinematics becomes essential
for capturing the response under moderate to large deformations. Addition-
ally, fully nonlinear FE analyses are performed to verify the D@ solution
in both a small and large deformation regimes. The developed model accu-
rately predicted responses up to a critical level of deformation for all load
cases. Beyond this threshold, its underlying assumptions become invalid,
requiring more advanced models that account for large rotations and a non-
linear curvature displacement relationship. This, however, will significantly
increase the model’s complexity and computational cost.

Future work may include applying this model to predict the deformed
shape for load cases involving asymmetric loading or boundary conditions.
Furthermore, this model can be extended to study orthotropic or anisotropic
materials and moderately thick plates, making the approach applicable to a
broader range of engineering problems, such as composite corrugated struc-
tures. Extending this model to explore the buckling response of corrugated
sheets may also attract research interest. Furthermore, the DQ model can
be easily extended to study the dynamic behaviour of such structures.
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Appendix A. Generalized equations for symmetric and orthotropic

singly curved corrugated shells

The equilibrium equations for a singly-curved corrugated sheet for the
linear analysis reduces to:

( 8N11 8]\712 K@Mlz

0. _ =
ou: o€ n 2 o +p1=0
ON ON. 3k OM OM.
0. 12 22 o 12 N 22 _
L e B it et Chl (A1)
0? M, My 0*>Moy
dw: 2 N. =
\ w 852 + 85877 + 8772 + K 22+q 0

where the stress resultants are evaluated using the Green-Lagrange strain
and linear kinematic relation for curvature. For a symmetric and orthotropic
laminate, the coupling matrix B;; is zero and laminate is balanced, i.e., for
specially orthotropic laminate, the A;s and D, are also zero for ¢ = 1, 2.
Thus, the constitutive equation becomes:

Ni (A A 0 0 0 0 ][y
Nay Ap Ap 0 0 0 0 |]&
Nia| | O 0 Ag O 0 0 060 (A.2)
M11 o 0 0 0 D11 D12 0 6%1 '
M22 0 0 0 D12 D22 0 8%2
(M| [0 0 0 0 0 Dl lel

On substituting stress resultants from the above equation into the govern-
ing differential equations (Eq{A.1)), the equations can be expressed in terms
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of kinematic variables and material constants as follows:
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where 1 and 2 represent the ¢ and 7 directions, respectively. A comma fol-
lowed by subscripts denotes differentiation with respect to the subscripts.
The displacements are assumed to be differentiable and have continuous
second-order partial derivatives, allowing the differentiation order to be inter-
changed. Note that these equations can be easily generalized for composite
materials by introducing the relevant coupling matrix terms. Figure [3] de-
picts the grid points on a unit cell to solve the above governing differential
equations for a generalized load case. Both the global and local coordi-
nate systems are shown on the grid. ¢ points near the boundaries are also
shown to apply the Neumann boundary conditions in both the & and n di-
rections. The total number of grid points is taken as N; and N, in the &
and 7 directions, respectively. The local kinematic variables u°, v°, and w°
can be obtained and transformed into global kinematic variables using the
transformation (Eq. to obtain the displacement components u,, u,, and
Uy.

38



In the differential quadrature method the above equations are written as:
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